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We define Whitney numbers for real projective space, complex projective space, 
quaternionic projective space, and projective space over the p-adics. © 1995 
Academic Press, Inc. 
The Whitney numbers of a ranked partially ordered set are the number 
of elements in a given rank. For the Boolean lattice the Whitney numbers 
are the binomial coefficients. For the lattice of flats of a finite projective 
space over a finite field the Whitney numbers are the Gaussian coefficients. 
In this note we define Whitney numbers for the real projective space NP n, 
the complex projective space C P' ,  the quaternionic projective space (H p n), 
and projective space over the p-adics QpP'.  Since these posets are not 
locally finite, we use measure instead of cardinality. 
Suppose that V" is an n-dimensional vector space over ~-. ~ can be the 
fields GF(q), C, R, the division ring ~, or the p-adics Qp. We let re(n, r) 
be the measure of the set of r-dimensional subspaces of V n. If ~ is finite, 
then this is the number of subspaces. For N, C, H we note that there are 
Haar measures on these spaces, invariant under GL(V") [San76]. For Qp 
we use p-adic measure. 
The poset of elements lying between an element of dimension i and 
dimension j is isomorphic to a vector space of dimension i - j .  Conse- 
quently, the measure of the set of s-dimensional subspaces containing a 
fixed r-dimensional subspace is m(n-  r, s -  r). If we compute the measure 
of the set of pairs { (x, y) I xr c yS}, then using Fubini's theorem we find 
that 
re(n, r) m(n - r, s - r )  = ~(n ,  s )  re (s ,  r ) .  
165 
0097-3165/95 $6.00 
Copyright © 1995 by Academic Press, Inc. 
All rights of reproduction in any fmTn reserved. 
166 NOTE 
Letting re(n)= re(n, 1) denote the measure of the set of lines of V" and 
defining 
re(n)! =re(n) re (n -  1).. .  wt(1), 
then we easily find that 
re(n)! 
re(n, r) = 
rrt(r)! m(n - r)!" 
Remark 1. We recall that the surface area of the n-sphere is given by 
2~ (n + 1 )/2 
0 m - -  r((n + 1) /2 )  
2~n + 1 
O2n+1 n! 
2" + 17~" 
O2,-- (2n-- 1) (2n- -3) . . .3 .  1" 
EXAMPLE 2. If J is GF(q), then re(n) is [n] =(qn+l 1) / (q - I ) ,  the 
number of lines of V n which is the number of points of PGn l(q)- Of 
course we have 
[n]! (n - - l )  
m(n, r )=[ r ] ! [n_ r ] ! -  r - -1  q" 
EXAMPLE 3 (Real projective space). A line in ~n through the origin 
meets the unit sphere S" 1 in 2 points, the 0-sphere. The measure of the 
lines through the origin is re(n) = On_ 1/O0. Consequently, the measure of 
the r-dimensional subspaces of ~" is 
n] O~ 1! 
r R 0~_1! 0~_~!' 
where O, , !=O~.. .O1.  This can be computed directly, see [San76]. 
Incidentally, this is also the measure of the orthogonal group. The first few 
values are in Fig. 1. 
EXAMPLE 4 (Complex projective space). A line through the origin of C n 
is a plane of ~2n and meets the unit sphere S 2" 1 in a circle. The measure 
of the set of lines is thus 
02n - -  1 7~n - -  1 
re (n )  - - -  
01 - -  (n - 1)!" 
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1 
1 1 
1 ~ 1 
1 2r 2r  1 
1 ~2 2~2 r2 1 
4r  2 4r  3 4r 3 4r 2 
I 3 T 3 --T- i 
~3 2~4 ~s 2~4 ~3 
I -2- T T ~ T I 
8~ 3 4r s 8r 6 8~ 6 4w s 8r 3 
15 15 45 45 15 15 
FIG. 1. Whitney numbers ~r RP". 
The measure of the r-dimensional  subspaces of C" is 
(n l  2z.~(. r)/' (n -1 ) , (n -2 ) , . . .2 , . l !  
r c = / ( r -1 ) ! ( r -Z ) ! . . . l !~( -£~r - l~ . (n - - - r -2 ) ! . . . l !  ' 
It is easy to verify that the above denominator  is always an integer. 
Figure 2 shows the first few values. 
EXAMPLE 5 (Quaternionic projective space). A line through the origin 
of b~" is a four-dimensional  subspace of ~4.  This subspace meets the unit 
sphere S 4' ' -  : in a 3-sphere. The measure of these lines is 
re (n )  - 
04n - -  1 ~2n - -  2 
0 3 (2n - 1 )! 
1 
1 1 
1 ~ 1 
~2 ~2 
1 T -2- 1 
~3 ~4 ~3 
I -~- i'~ ~ 1 
~4 ~6 ~B ~4 
1 2-4 14---4 144 2-4 1 
~5 ~8 ~9 ~8 ~5 
1 120 2880 8640 2880 12~ 1 
~6 ~10 ~12 ~12 ~10 ~6 
1 720 86400 1036800 1036800 86400 72---0 1 
FIG. 2. Whitney numbers for CP". 
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1 
1 1 
~2 
: -g- 1 
~4 ~4 
1 12---0 120 1 
~6 ~8 ~6 
1 1 
5040 100800 5040 
~8 ~12 ~12 ~8 
1 1 
362880 304819200 304819200 362880 
FIG. 3. Whitney numbers ~r HP". 
and the measure of the r-dimensional subspaces i  
(~)~ = ~C2r(,,_r)// (2n--1), (2n--3), .-. 3,.1, ) 
. . . . .  
• (2n-2r -  1)! (2n -2r -3 ) ! . - .  3!- 1! 1 
The above denominator is always an integer. See Fig. 3 
EXAMPLE 6 (The p-adics). We proceed differently with the p-adics. 1 
Every smooth, everywhere n-dimensional, closed Qp-analytic subvariety of 
QpP" has a canonical measure [Ser65]. (For another approach, see 
[Wei82].) The space QpP" is covered by 1 +q+ ... +q , -1  disjoint balls, 
each of which has measure q--(n-I). Consequently, the measure of 
n-dimensional projective space over the p-adics is [n] q-("-~), and hence 
Since 
k Qp kq" 
[n]q-( , - l~=l+q-l+.. .  +q-(, 1), 
we observe that the Whitney numbers for the p-adics are obtained from the 
Gaussian coefficients by replacing q by q-1. Similarly, the Mobius function 
for the p-adics is the inverse of the Mobius function for finite fields: 
~ep(n) = ( - 1) k q-(~). 
1 Thanks to Diane Meuser for help with this example. 
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